Using the fixed point and direct methods, we prove the generalized Hyers-Ulam stability of the following additive-quadratic functional equation in non-Archimedean normed spaces
Introduction and preliminaries
A classical question in the theory of functional equations is the following: 'When is it true that a function which approximately satisfies a functional equation must be close to an exact solution of the equation?' If the problem accepts a solution, we say that the equation is stable. The first stability problem concerning group homomorphisms was raised by Ulam [] in . In the next year, Hyers [] gave a positive answer to the above question for additive groups under the assumption that the groups are Banach spaces. In , Rassias [] proved a generalization of Hyers' theorem for additive mappings. This new concept is known as generalized Hyers-Ulam stability or Hyers-Ulam-Rassias stability of functional equations. Furthermore, in , a generalization of Rassias' theorem was obtained by Gǎvruta [] by replacing the bound ( x p + y p ) by a general control function ϕ(x, y).
In , a generalized Hyers-Ulam stability problem for the quadratic functional equation was proved by Skof [] for mappings f : X → Y , where X is a normed space and Y is a Banach space. In , Cholewa [] noticed that the theorem of Skof is still true if the relevant domain X is replaced by an Abelian group and, in , Czerwik [] proved the generalized Hyers-Ulam stability of the quadratic functional equation. The reader is referred to [-] and references therein for detailed information on stability of functional equations. http://www.journalofinequalitiesandapplications.com/content/2012/1/174 Definition . A sequence {x n } is Cauchy if and only if {x n+ -x n } converges to zero in a non-Archimedean space. By a complete non-Archimedean space we mean one in which every Cauchy sequence is convergent.
We recall a fundamental result in fixed point theory. 
In , G. Isac and Th. M. Rassias [] were the first to provide applications of stability theory of functional equations for the proof of new fixed-point theorems with applications. By using fixed-point methods, the stability problems of several functional equations have been extensively investigated by a number of authors (see [, , , , ]). This paper is organized as follows: In Section , using the fixed-point method, we prove the Hyers-Ulam stability of the following additive-quadratic functional equation:
where x, y, z ∈ X, in non-Archimedean normed space. In Section , using direct methods, we prove the Hyers for all x, y, z ∈ X. Let f : X → Y be an odd mapping satisfying
for all x, y, z ∈ X. Then there exists a unique additive mapping A :
for all x ∈ X.
Proof Putting y = z =  in (.) and replacing x by x, we get
for all x ∈ X. Putting y = x and z =  in (.), we have
for all x ∈ X. By (.) and (.), we get
Consider the set S := {h : X → Y } and introduce the generalized metric on S:
where, as usual, inf φ = +∞. It is easy to show that (S, d) is complete (see [] ). Now we consider the linear mapping J :
for all x ∈ X. Hence,
. By Theorem ., there exists a mapping A : X → Y satisfying the following:
() A is a fixed point of J, i.e.,
for all x ∈ X. The mapping A is a unique fixed point of J in the set M = {g ∈ S : d(h, g) < ∞}. This implies that A is a unique mapping satisfying (.) such that there exists a μ ∈ (, ∞)
This implies the equality
. This implies that the inequalities (.) holds. http://www.journalofinequalitiesandapplications.com/content/2012/1/174
It follows from (.) and (.) that
for all x, y, z ∈ X. Hence, A : X → Y satisfying (.). This completes the proof.
Corollary . Let θ be a positive real number and q is a real number with q > . Let f :
X → Y be an odd mapping satisfying
Proof The proof follows from Theorem . by taking ϕ(x, y, z) = θ ( x q + y q + z q ) for all x, y, z ∈ X. Then we can choose α = || q- and we get the desired result.
Theorem . Let X is a non-Archimedean normed space and that Y be a complete nonArchimedean space. Let
be a function such that there exists an α <  with 
Proof Let (S, d) be the generalized metric space defined in the proof of Theorem .. Now we consider the linear mapping J : S → S such that
in (.) and using (.), we have
The rest of the proof is similar to the proof of Theorem .. 
for all x ∈ X. http://www.journalofinequalitiesandapplications.com/content/2012/1/174
Proof Consider the set S * = {g : X → Y ; g() = } and the generalized metric d * in S * defined by
where, as usual, inf φ = +∞. It is easy to show that (S * , d * ) is complete (see [] ). Now we consider the linear mapping J : (S * , d
for all x ∈ X. Substituting y = z =  and then replacing x by x in (.), we obtain
By (.) and (.), we get
The rest of the proof is similar to the proof of Theorem ..
Corollary . Let θ be a positive real number and q is a real number with q > . Let f : X → Y be an even mapping with f () =  and satisfying (.). Then there exists a unique quadratic mapping Q
Proof The proof follows from Theorem . by taking ϕ(x, y, z) = θ ( x q + y q + z q ) for all x, y, z ∈ X. Then we can choose α = || q- and we get the desired result. 
Theorem . Let X is a non-Archimedean normed space and that Y be a complete nonArchimedean space. Let ϕ : X  → [, ∞) be a function such that there exists an α <  with
ϕ x  , y  , z  ≤ α || ϕ(x,
). Then there exists a unique quadratic mapping Q
Proof It follows from (.) that
The rest of the proof is similar to the proof of Theorems . and ..
Corollary . Let θ be a positive real number and q is a real number with  < q < . Let f : X → Y be an even mapping with f () =  and satisfying (.). Then there exists a unique quadratic mapping Q
Proof The proof follows from Theorem . by taking ϕ(x, y, z) = θ ( x q + y q + z q ) for all x, y, z ∈ X. Then we can choose α = || -q and we get the desired result.
Let f : X → Y be a mapping satisfying f () =  and (.). Let f e (x) :=
Then f e is an even mapping satisfying (.) and f o is an odd mapping satisfying
On the other hand
for all x, y, z ∈ X, where D f (x, y, z) is the difference operator of the functional equation (.).
So we obtain the following theorem. 
Theorem . Let X is a non-Archimedean normed space and that Y be a complete non-
Theorem . Let X is a non-Archimedean normed space and that Y be a complete nonArchimedean space. Let
be a function such that there exists an α <  with
be a mapping with f () =  and satisfying (.). Then there exist a unique additive mapping A : X → Y and a unique quadratic mapping Q
Stability of functional equation (1.1): a direct method
In this section, using direct method, we prove the generalized Hyers-Ulam stability of the additive-quadratic functional equation (.) in non-Archimedean space.
Theorem . Let G be a vector space and that X is a non-Archimedean Banach space.
Assume that ϕ :
for all x, y, z ∈ G. Suppose that, for any x ∈ G, the limit
exists and f : G → X be an odd mapping satisfying
Then the limit
exists for all x ∈ G and defines an additive mapping A : G → X such that
is the unique additive mapping satisfying (.).
Proof By (.), we know
Thus, it follows from (.) and (.) that the sequence { n f (
By induction on n, one can show that
for all n ≥  and x ∈ G. By taking n → ∞ in (.) and using (.), one obtains (.). By (.) and (.), we get
for all x, y, z ∈ X. Therefore, the mapping A : G → X satisfies (.).
To prove the uniqueness property of A, let L be another mapping satisfying (.). Then we have
for all x ∈ G. Therefore, A = L. This completes the proof.
for all t ≥ . Assume that κ >  and f : G → X be a mapping with f () =  such that
for all x, y, z ∈ G. Then there exists a unique additive mapping A : G → X such that  n .
On the other hand, it follows from (.) that
for all x ∈ G and p, q ≥  with q > p ≥ . Letting p = , taking q → ∞ in the last inequality and using (.), we obtain (.). The rest of the proof is similar to the proof of Theorem .. This completes the proof.
Theorem . Let G be a vector space and that X is a non-Archimedean Banach space.
Assume that ϕ : G  → [, +∞) be a function such that
for all x, y, z ∈ G. Suppose that, for any x ∈ G, the limit 
